SIGNALS AND SYSTEMS
UNIT 1:
Important Theory/ Derivations/ Formulae

Show that the product of two even signals or of two odd signals is an even signal and
that the product of an even and an odd signal is an odd signal.

Let x(1) =x,(t)x,(¢). If x,(¢t) and x,(¢) are both even, then
x(—t)=x(=t)x,(—t)=x,(1)x;(1) =x(1)
and x(¢) is even. If x(¢) and x,(r) are both odd, then
x(=ty=x(=t)x,(=t) = =x,()[=x;()] =x,(1)x,5(1) =x(1)
and x(r) is even. If x(¢) is even and x,(¢) is odd, then
(=) =x,(=0)xy(=t) =x,(1)[=x,(1)] = =x,(1)x,(1) = =x(1)

and x(r) is odd.

Show that

If x(¢) even, then

a

/

x(r]dr=2fﬂx(r}dr
{0

We can write

[ x(r)df=f”x(:}a:+f:x(r}dr

Letting r = —A in the first integral on the right-hand side, we get

] i) a
fax(r}dr=fax(-,=.)(—d,1}=fux{—a}d,a

Since x(¢) is even, that is, x(—A) = x(A), we have

fﬂ"x(ﬂx)d;‘ - Ex(&)d& =f:x(.f}d:

Hence,

[ x(r)d.*:j:x(r}dx +fn"x(:)d:=2f;x(;}d:
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SIGNALS AND SYSTEMS
UNIT 1:
Important Theory/ Derivations/ Formulae

Show that
If x(¢) odd, then

a

f x(2)dt =0

=

a 0 a a a
j_ﬂx(r)d.':[ ﬂx{:}dI+J;x{r)dr:]ux(—,l]d,l +f“x{r)df

=~ [x(A)dA+ [ x(tyde= - ["x(t)di+ [ x(t)de=0

Show that the complex exponential signal
x(1)=el“
is periodic and that its fundamental period is 27 /w,,.
x(t) will be periodic if

glwll+ L. gleol

Since
e,l'.mg]“ +T) - e;.‘“t!rfJ""llT

we must have
e/’ =1

If w,=0, then x(r) = 1, which is periodic for any value of 7. If w,# 0,

27
w,=m2mw  or T=m— m = positive integer
]

Thus, the fundamental period T, the smallest positive T, of x(r) is given by 27 /w,,.
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SIGNALS AND SYSTEMS
UNIT 1:
Important Theory/ Derivations/ Formulae

Show that the sinusoidal signal
x(t) = cos(wyt + 8)
is periodic and that its fundamental period is 27 /w,.
The sinusoidal signal x{t) will be periodic if
cos[wy(t + T) + 8] = cos(wyt + 6)
We note that

cos[wo(t + T) + 8] = cos[wyt + 8 + w,T ] = cos( wyt + 0)

if
2

wy ' =m2m or T=m— m = positive integer
Wy

Thus, the fundamental period T, of x(¢) is given by 27 /w,.

Show that the complex exponential sequence
x[n] = e/o"
is periodic only if €),/2m is a rational number.

x[n] will be periodic if
e;ﬂn(ﬂ-*-N] —_ e;!!,,ne‘rﬂuh' — e,l!'ll,n

or
e /N — 1
QuN=mlm m = positive integer
or
Q, m .
-5-11—_- = ;V_ = rational number

Thus, x[n] is periodic only if ,/27 is a rational number.
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SIGNALS AND SYSTEMS
UNIT 1:
Important Theory/ Derivations/ Formulae

Let x,(¢+) and x,(¢) be periodic signals with fundamental periods T, and T,, respec-
tively. Under what conditions is the sum x(z) = x(z) + x,(¢) periodic, and what is the
fundamental period of x(¢) if it is periodic?

Since x,(¢) and x,(r) are periodic with fundamental periods T, and T,, respectively, we
have

x(t)=x(t+T))=x,(t +mT,) m = positive integer

x,(1) =x5(t +T,) =x,5(t + kT,) k = positive integer
Thus,

x(t)=x,(t+mT\) +x5(t +kT,)
In order for x(¢) to be periodic with period T, one needs
x(t+T)=x,(t+T)+x,(t +T)=x,(t +mT,) +x,(t +kT;)
Thus, we must have
mT,=kT,=T

or

T, k )
— = — = rational number
T, m

Let x,[n] and x,[n] be periodic sequences with fundamental periods N, and N,,
respectively. Under what conditions is the sum x[n] = x[n] + x,[n] periodic, and what
is the fundamental period of x[n] if it is periodic?

Since x,[n] and x,[n] are periodic with fundamental periods N, and N,, respectively, we
have

x,[n]=x,[n+N,]J=x,[n+mN,] m = positive integer
x,[n] =x,[n+N,]=x,[n+kN,] k = positive integer
Thus,
x[n)=x,[n+mN,] +x,[n+kN,]
In order for x[n] to be periodic with period N, one needs
x[n+N]=x[n+N]+x,[n+N]=x,[n+mN,]+x,[n+kN,]

Thus, we must have

mN, = kN, = N
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SIGNALS AND SYSTEMS
UNIT 1:
Important Theory/ Derivations/ Formulae

The following equalities are used on many occasions
N-— I —a® -1
(a) E a" = 1 — a o
=10 N a=1
* 1
(b) ) Jal <1
n=>0 —a
= ﬂ'k
(¢) Y a"= lal < 1
n==kK —-a
= Q&
(d) lal <1
L (1-a)’

Continuous Gnhowd DrCCheke Scnukoe ol
@ C-t Aigraks ate obiol frowm O At Lignalt @ ebiained fou
trantducters & Lignale Scurces ¢t Lignalt Hweo Aamplivg
@FYMU Yange of. C b Ainugecd (D) d-t Sinuse dal ‘F'e‘f} Yarge u
Van ex ﬁnw 642 0 ‘e‘(pn‘xécﬂ '{&VLM'R) »frm~7t 4o 4+ K e’(P)ch,c.,\
N H m Yad/lanples, o Ut lege
\ 5. | |
@ Rale tinne & -frv-cd Ahe bLshhole 1 ‘Pérh‘c.v\ sfa A1 A inugeid oy
Num bt or {'faefbmw. a\eoayg wdrcle Numbons
@ -t £ivus oct —G f.\ A4 ,s;m,sbsi .Fmb
RN ¢ =~ 04 Linuka
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SIGNALS AND SYSTEMS

UNIT 1:
Important Theory/ Derivations/ Formulae
| Evew Quamudwc tdd %wweﬂn‘c
r@faksﬁw OV IBCakicfes aEndr-af)aca
&2 2(-nle zx[n] At = ~2cr)
Q. ™ a k
@ factrdt =2( "xlbd & (aterdt =0 3 2(wl=o
-a\L o K — -k
> xu] « x[0] 425 X (n]
— K=

@ It @) e evew, %alirs odd 95 ack) alvew , A, (4)  odd
oL

Ca
¢t =0
[ %) % () dt #0 [ atocod

& Eves Qyumeﬁn'c + Congtaent  |@Deadd Xﬁmmdn'c + Cons fa i

= e t od
= Eveu Sbu,mun‘c = Not €veu, not odd

m f'\ (] p 58 o n [ o
o g " i Urlz 2. )+ T 2. (n)
@ fﬂz(f)d& -"qu (U‘u’*(%“)& =0 ~bo 5 -
2% Z& —

@MC’L X 0dd = E\/eu ‘

@ Eveu ® Evau = Evew

Even and Odd Signals:
A signal x(1) or x[n] is referred to as an even signal if
x(—t)=x(1)
x[—n] =x[n]
A signal x(t) or x[n] is referred to as an odd signal if
x(—t)=—x(1)
x[—n] = —x[n]
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SIGNALS AND SYSTEMS
UNIT 1:
Important Theory/ Derivations/ Formulae

Any signal x(¢) or x[n] can be expressed as a sum of two signals, one of which is even
and one of which is odd. That is,

x[n] =x[n] +x,[n]

where x, (1) =3{x(t) +x(—1)) even part of x(t)
x,[n] = 3{x[n] +x[—n]) even part of x|[n]
x, (1) =3{x(t) —x(—1)) odd part of x(t)
x,[n] = 3{x[n] —x[—-n]} odd part of x|[n]

Note that the product of two even signals or of two odd signals is an even signal and
that the product of an even signal and an odd signal is an odd signal

Signal - A Lgral is frlually clefined al o funchon <
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SIGNALS AND SYSTEMS
UNIT 1:
Important Theory/ Derivations/ Formulae

l_l'nergy and Power Signals:

Consider ©(t) to be the voltage across a resistor R producing a current (7). The
instantaneous power p(t) per ohm is defined as

v(t)i(t)

= == = i%(1)

R

Total energy E and average power P on a per-ohm basis are

E=f i*(t)dt joules
1 .12
P= I- o .2
lim Tf_?‘/zl (t)dt watts

For an arbitrary continuous-time signal x(r), the normalized energy content E of x(t) is
defined as

E=f_m |x(0))? dt

The normalized average power P of x(t) is defined as

Tow

1 12 2
P= lim — ‘
im Tf_T/2|x(r)| d

Similarly, for a discrete-time signal x[n], the normalized energy content E of x[n] is
defined as|

@

E= Y |[x[n]
The normalized average power P of x[n]is defined as

1 N
P i 2
am o, &, Kl

n=—N

Based on definitions (/.14) to (1.17), the following classes of signals are defined:

1. x(¢) (or x[n] is said to be an energy signal (or sequence) if and only if 0 < E < o, and
so P=0.

2. x(¢) (or x[n] is said to be a power signal (or sequence) if and only if 0 < P < =, thus
implying that £ = o,

3. Signals that satisfy neither property are referred to as neither energy signals nor power
signals.
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SIGNALS AND SYSTEMS
UNIT 1:
Important Theory/ Derivations/ Formulae

Some additional properties of 8(¢) are
1

&(at) = r?[a(r}

8(—t)=28(t)
x(1)8(t) =x(0)8(¢)
if x(¢) is continuous at r = 0.
x(0)8(t —ty) =x(1y)8(t —¢)

if x(¢)1s continuous at t =t¢,,.

oo

f x(t)d(t —ty)dr= x(1,)

—

x[n]8[n] =x[0]8]n]
x[n|d[n—-k] =x[k]é[n — k]

8[n) =u[n] —u|n-1]

uln] = L 8[k]

k= -2

Reference:

1. Alan V Oppenheim, Alan S, Willsky and A Hamid Nawab, “Signals and Systems” Pearson
Education Asia / PHI, 2nd edition, 1997. Indian Reprint 2002.

2. Hwei P Hsu, Schaum's Outline in Theory and Problems of Signals and Systems.

5 35 35 3 o e 35 5 3 3

Page 9 of 9
Prashanth K
Asst. Professor - ECE Dept,
MITE



